EIGENVALUE PINCHING AND APPLICATION TO THE STABILITY AND 
THE ALMOST UMBILICITY OF HYPERSURFACES 



J.-F. GROSJEAN 



Abstract. In this paper we give pinching theorems for the first nonzero eigenvalue of the 
Laplacian on the compact hypersurfaces of ambient spaces with bounded sectional curvature. 
As application we deduce a rigidity result for stable constant mean curvature hypersurfaces M 
of these spaces A'^. Indeed, we prove that if M is included in a ball of radius small enough 
then the Hausdorff-distance between M and a geodesic sphere 5 of A is small. Moreover M 
is diffeomorphic and quasi-isometric to S. As other application, we obtain rigidity results for 
almost umbilic hypersurfaces. 
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1. Introduction 

One way to show that the geodesic spheres are the only stable constant mean 
curvature hypersurfaces of classical model spaces (i.e. the Euclidean space, the 
spherical space and the hyperbolic space) is to prove that there is equality in the 
well-known Reilly's inequality. One of the main points of the present paper is to 
obtain new stability results for hypersufaces immersed in more general ambient 
spaces. 

First, let us recall the Reilly's inequality. Let (M"^,g) be a compact, connected 
and oriented m-dimensional Riemannian manifold without boundary isometrically 
immersed by in the simply connected model space iV""'"^(c) (c = 0, 1 ,—1 respec- 
tively for the Euclidean space, the sphere or the hyperbolic space). The Reilly's 
inequality gives an extrinsic upper bound for the first nonzero eigenvalue Ai (M) of 
the Laplacian of (M™, g) in term of the square of the length of the mean curvature 
H. Indeed we have 
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(1) MM)^^Jj\m^+c)dv 

where dv and V{M) denote respectively the Riemannian volume element and the 
volume of (M"*, g). Moreover in the case of hypersurfaces (i.e. m = n), the equality 
holds if and only if {M"',g) is immersed as a geodesic sphere of N"'~^^{c). For 
c = this inequality was proved by Reilly ([H]) and can easily be extended to the 
spherical case c = 1 by considering the canonical embedding of S" in M"^^. For 
c = — 1 it has been proved by El Soufi and Bias in [7]. 

In the sequel we will consider a weaker inequality due to Heintze ([8J) which 
generalizes the previous for the case where {M"^,g) is isometrically immersed by 
in a + 1-dimensional Riemannian manifold (A^"^^,/i) whose sectional curvature 
is bounded above by 6. Indeed if </'(M) lies in a convex ball and if the radius 
of this ball is in the case 5 > 0, we have 

(2) X,{M)^m{\\H\\l + 6) 

where ||i^||oo denotes the L°°-norm of the mean curvature. Now for m = n if we 
assume that is bounded below by n and M has a constant mean curvature H 
and is stable (see section 5) we have 

n{H^ + /u) ^ Ai(M) ^ n{H^ + 5) 

Consequently we see that if N is not of constant sectional curvature we can't con- 
clude as in the model spaces. However, the above inequality is a kind of pinching on 
the Reilly's inequality, that is a condition of almost equality. Such conditions have 
been studied for the Reilly's inequality in the Euclidean space in [6]. In the present 
paper we will generalize the results of [6] to the inequality ([2]) for hypersurfaces (i.e. 
m = n) of ambient spaces with non constant sectional curvature. That amounts 
to finding a constant C depending on minimum geometric invariants so that if we 
have the condition 

(Pc) n{\\H\\l + 6){l-C)<X^{M) 

then M is close to a sphere in a certain sense. 

Before giving the main theorems, we precise some notations which will be more 
convenient. Throughout the paper, we will note h = (||if||^ + 5)^''^ and B the 
second fundamental form. Moreover if (A^*^"^^, h) is a + 1-dimensional Riemannian 
manifold so that ^ 6 and the injectivity radius ^(A^) satisfies ^(A^) ^ ^ if 5 > 0, 
we will note T-C*{n, N) the space of all Riemannian compact, connected and oriented 
n-dimensional Riemannian manifolds without boundary isometrically immersed by 
in (A^"'"'"^, h). We call Ticin, N) the space of all Riemannian manifolds of T-C*{n, N) 
satisfying the following convexity hypothesis : 0(M) lies in a convex ball and the 
radius of this ball is if 5 > 0. Moreover Hv{n,N) will be the space of all 
Riemannian manifolds of T-C*'{n,N) which satisfy the following hypothesis on the 
volume : V{M) ^ if 5 > and V{M) ^ cu;„z(A^)" if 5 ^ for some constant 
c. These two hypotheses on the volume of M with the condition on i{N) for 6 > 
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are providing from hypotheses assumed in a resuh on a Sobolev inequahty due to 
Hoffman and Spruck (0 and [ID]). At last we put n{n, N) = Hdn, N) nHvin, N). 
Furthermore we need the following function ss defined by 

sin \/6r if 5 > 

ss{r) = { r if (5 = 

^ sinh if (5 < , 



Moreover we will note B{p, R) all geodesic ball in of center p and radius R. 
Let us state the first main theorem. 

Theorem 1.1. Let (A^""*"^, h) be a n + 1- dimensional Riemannian manifold whose 
sectional curvature satisfies fi ^ ^ 6 and i{N) if 6 > and let 

M e T-l{n,N). Let e ^ 1/18. Then there exist a point p and positive constants 
C^{n,\\H\\ao,\\B\\ao,V{M),6, fi) and R{6, fi,e) so that if (f){M) is contained in the 
hall B{p, R{6, fj,, e)) and if the pinching condition (-PcJ 

n{\\H\\l + 6){l-a)<X,{M) 

is satisfied then M is e-Gromov-Hausdorff close to S{p, s^'^ (^))- Namely the Gromov- 
Hausdorff distance satisfies 



hj J J h 

and M is diffeomorphic and e- quasi-isometric to S{p, sj'^ (^))- Namely there exists 
a diffeomorphism from M into S{p,s^'^ (^)) so that 

\\dF,{u)\^ - 1\ 
for any x G M, u G T^M and \u\ = 1. 

Moreover, R{6, /i, e) — > oo when 6 — fi — > 0. On the other hand, 

(1) Cein, \\H\\^, ||5||oo, V{M), S) — ^ when e — ^ 0. 

(2) Cein, \\H\\^, ViM), S) ^ when \\H\\^ — ^ oo. 

(3) «/\/(M)V'^||5||oo ^ V, then h'^Cein,\\H\\oo,\\B\\oo,V{M),5) — > oo when 
\\H\\oo — > oo. 

We recall that the Gromov-Hausdorff distance between two compact subsets A 
and i? of a metric space is given by 

dGH{A,B) = mf{A C V^{B) and B C Vr,{A)} 
where for any subset A, Vrj{A) is the tubular neighborhood of A defined by Vjj{A) = 
{x\d{x, A) < rj}. 

Remark 1.1. The point p is not depending on e, ||-f^||oo or ||-B||oo- The point p is 
nothing but the center of mass of M (see preliminaries). 

On the other hand, for 6^0, we can omitted the dependence on ||oo- 

As in the euclidean case (see |6]), in the hyperbolic case or spherical case, we 
can obtain the Hausdorff proximity strictly with a dependence on ||/7||oo- More 
precisely we have the 
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Theorem 1.2. Let A^"+i((5) with 5 = -1,0 or 1 where A^"+i(-l), iV"+i(0) and 
jyn+i^]^^ are respectively the hyperbolic space, the euclidean space and the sphere. Let 
M e T-C{n,N). Then for any e > there exists a positive constant Cs{n, ||if||oo, V"(M)) 
so that if the pinching condition (Pcs) 

n{\\H\\l + 6){l-C,)<X,{M) 
then M is e-Gromov-Hausdorff close to S{p, sj^ (^))- 

The condition (3) of the theorem 11.11 allows to obtain an application for the stable 
constant mean curvature hypersurfaces. Indeed we have the following stability 
theorem 

Theorem 1.3. Let (A^"^-'^, h) be a n + 1-dimensional Riemannian manifold whose 
sectional curvature satisfies /i ^ ^ 5 and i{N) ^ if 6 > and let 

M G nc{n,N). Let V > so that \/(M)i/"||5||oo ^ v. For any e < 1/18, 
there exists a constant R^^S, ^,v,i{N)) > so that if (j){M) lies in a ball of radius 
Rs{S, fi,v,i{N)) and (f) is of constant mean curvature H and is stable then there 
exists a point p so that M is e-Gromov-Hausdorff close, diffeomorphic and e-quasi- 
isometric to S{p, sj'^ (^))- 

Remark 1.2. If 6 > 0, Rs{S, fi,v,i{N)) is not depending on i{N). 

As another application of theorems 11.11 and 11.21 we have results for the almost 
umbilic hypersurfaces of model spaces. These theorems are to compare with results 
of Shiohama and Xu ([H] and [15]) which obtain conditions on the Betti numbers. 

Theorem 1.4. Let (TV""^""^, h) be a n+l-dimensional Riemannian manifold with con- 
stant sectional curvature S and let M G 7i(n, A^). Let p be the center of mass of M. 
Letq > ^ ande < 1/18. Then there exist positive constants T]i^s{n, \\H\\oo, ||-B||oo, V"(M), 5) 
and 772,e(^, ||-f^||oo7 ||-B||oo, y{M), 6) so that if 

(1) \\Th,^Vl,e\\H\\ooV{MY/^'l. 

(2) \\H'-\\H\\ll^V2,smiV{My/^. 

Then M is e-Gromov-Hausdorff close, diffeomorphic and e-quasi-isometric to 

Remark 1.3. The dependence on ||-B||oo is not necessary for the H aus dor ff prox- 
imity. 

In the Euclidean case providing from the pinching theorem proved in [6] we can 
improve the condition 2) 

Theorem 1.5. Let {M'^^g) be a compact, connected and oriented n-dimensional 
Riemannian manifold without boundary isometrically immersed by in M""*"^. Let 
p be the center of mass of M . Then for any e > 0, there exist two constants 
ViA^, ll^lloo, V{M)) and ri2,e{n, \\H\\^, V{M)) so that if 



(1) 
(2) 



tt2 _ mi 



^ r]2,e\\H\\ly{MY/i forr ^ 2. 
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Then M is e-Gromov-Hausdorff close to S yp, ^\\h\\2 — } ' ^(^''^^over there exist two 
constants rji^^{n, \\B\\^,V{M)) and ri2^e{^y \\B\\oo,V{M)) so that if the two condi- 
tions 1) and 2) (by replacing ||-ff||oo ||-B||ooy' o'^e satisfied then M is dijfeomorphic 
and e- quasi-isometric to S (^p, ^\Ih\\2 

2. Preliminaries 

Let {M"',g) be a compact, connected ra-dimensional Riemannian manifold iso- 
metrically immersed by in an n + 1-dimensional Riemannian manifold {N"'~^^, h) 
which sectional curvature is bounded by 6. For any point p G let us consider 
exp be the exponential map at this point. Locally we consider the normal 

coordinates of N centered at p and for all x G A^, we denote by r{x) = d{p,x), the 
geodesic distance between p and x on (A^""''^, h). 

Moreover we define the function cs by cs = s'^. Obviously, we have cj + Ssj = 1 
and c'^ = —6ss. 

The gradient of a function u define on N with respect to h will be denoted by 
u and the gradient with respect to g of the restriction of m on M will be denoted 
by V*^u. 

Briefly, we recall the proof of Heintze ([8]) for the Reilly's inequality. 

We will use ^^^Xi as test functions in the variational characterization of Ai(M). 
But these functions must be L^-orthogonal to the constant functions. For this 
purpose, we use a standard argument used by Chavel and Heintze ([5j and [8]). 
Indeed, if 4>{M) lies in a convex ball we can define the vector field Y by 

n = / '-^^^;^^exp-\x)dvix) eT,N, qeM , 

From the fixed point theorem of Brouwer, there exists a point p & N such that 

f s^(r^ 

Yp = and consequently, for a such p, / Xidv = 0. For 5 > 0, we assume in 

Jm 1" 

addition that 0(M) is contained in a ball of radius Indeed, in this case 0(M) 
lies in a ball of center p (the point p so that 1^ = 0) with a radius less or equal to 
and Cs is then a nonnegative function. 

Now considering the vector field on M, Z = s^V^ r and noting that the coordi- 
nates of Z in the normal local frame are ( ^^^Xi ) , we have 

Ai(M) / sj{r)dv = Xi{M) [ \Z\^dv = X^iM) [ V f ^x,) dv 
Jm Jm Jm ^^^^ \ ^ J 

n+l 

E 



2 



dv 



n+l 



Now, Heintze proved that 



i=l 



2 



^ n-5|Z^|2 and 



(3) div (Z^) ^ ncs - nH{Z, v) 
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Then 



Ai(M) / \Z\''dv^ / in~S\Z^\^)dv 



= {n — div {Z'^)cs)dv 
Jm 

^ / {n — ncj + nH {Z, iy)cs)dv 
Jm 

{nSsj + nH{Z, v)cs)dv 



M 

^ / n5s'jdv + \\H\\oo / nsscgdv 
Jm Jm 



and using again ([3]) we get 



Ai(M) 



/ \Z\'^dv<,n5f \Z\'^dv+\\H\\^ I {nH{Z,u)ss + div {Z^)ss)dv 
Jm Jm Jm 

= n5 [ \Z\'^dv +\\H\\^ [ {nH{Z,v)ss-csSs\V^'^r\^)dv 
Jm Jm 

^nS [ \Z\'^dv + n\\H\\l^ [ \{Z, iy)\\Z\dv 
Jm Jm 



f^n6 I \Z\'^dv + n\\H\\l^ / \Z\'^dv 
M Jm 

2 , f\ / ivia. 



^ni\\Hr^ + 5) / \Z\'dv 
Jm 

3. An L^-approach 

Throughout the paper we assume that 0(M) is included in a ball of radius 
for 5 > 0. Note that we have 

II II CXD 

This inequality is obvious for 5^0. For 5 > 0, as we have assumed that 4>{M) is 

in a ball of radius it follows that / ^ n J,, and then An ^ 1. 

475' ^ II^^IU II^^IIL - 

Moreover a will denote a constant depending only on n. 
Lemma 3.1. If the pinching condition (Pc) holds then \\Z'^\\2 ^ n^jja WZW^C. 
Proof. We have 

\\Z^\\l= ! \Z\^dv- I {Z,iyfdv^ [ {\Z\^ -\{Z,iy)\\Z\)dv 
Jm Jm Jm 

and from the proof of Reilly's inequality and the pinching condition, we have 
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n\\H\\l^( [ \Z\^dv- f \{Z,u)\\Z\dv] <nh'^C\\Z\ 

\J M J M J 

Lemma 3.2. If C < 2(n+i) > '^^^^ (Pc) implies that 



□ 



'2 ^ \n-{n+l)Cj ^ 
Proof. From the proof of the Reilly's inequahty we have 



Ai(M)||Z||^ ^ nV{M) -5\\Z^\\l 

^nV{M) + j^h''C\\Z\\l 
From (jl]) and the pinching condition we have 



h^in -{n + l)C)\\Z\\l ^ nV{M) 
and the condition on C allows us to obtain the desired inequality. 



□ 



Lemma 3.3. If C < 2{n+i) '^'"'^ if the pinching condition [Pc) holds then \\Z\\2 ^ 

V{M) 

Proof. From the proof of the Reilly's inequality, we have 

Ai(M)||Z||^ ^ nV{M) - 5\\Z^\\l 

{nV{M) -6\\Z^\\lf 



nV{M)-5\\ZT\ 
n^hHZWt 



2 



< " ''2 



- nV{M)-^\\Z\\IC 
and using successively (j4]), the pinching condition and the previous lemma we get 

IIZII^^I(I-C) (l-^C^) ViM) 

□ 

Lemma 3.4. Let X = nHcsv — n\\H\\'^^Z . If C < 2{n+i) > then the pinching condi- 
tion (Pc) implies \\X\\l ^ a\\H\\ly{M)C. 
Proof. Using again ^ and the previous lemmas we have 



\X\\l = n'^ I H'^c]dv-2n^\\H\\l^ I H {Z,u)csdv + n^\\HfJ\Z\ 

J M J M 
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^n' [ H\]dv + 2n\\H\\1 f (div {Z^)cs - nc])dv + n'WHWlWZWl 

= n' [ H'cjdv + 2n\\H\\l [ 6\Z^\'dv - 2n'\\H\\l [ c'^dv + n'\\H\a\Z\\l 
Jm Jm Jm 



^-^'ll^ilL / c'sdv + n^H\a\Z\\l + 2n\S\\\Hrj\Z^\\l 
Jm 

= -n'l|i^llLV^(M)+n2||i/||L5||^||^ + ^^||i^rooll^ll2 + 2n|5|/^^||Z||^C' 
= n^\\H\\l{-ViM) + h^\\Z\\l) + An\5\V{M)C 

^ n^HWl (-1 + V{M) + An\6\V{M)C 



= ml {n\n + 1) + 4n v{M)C 

And we complete the proof by applying again (jl]). □ 

Lemma 3.5. Let Y = \Z\^I'^ {bZ + Hc^v - . IfC < 2(n+i) ' ^^^""^ condition 
(Pc) implies 

\\Y\\l ^a(^h + max(l, \\H\\lV{My/'')^ V{M)C 

where 7 G (e"/^ -1,6"^ - 1). 
Proof. First we have 

11^112^ [ {\Z\\6Z + Hcsu\'^ -2h{5Z + Hcsu,Z) + h'^\Z\)dv 
Jm 

(5) ^ [ {\Z\\5Z + Hc5v\^ -2h{5Z + Hcsv,Z))dv + h^\\Z\\2V{Mfl'^ 

Jm 

Let us compute the first term 

[ \Z\\6Z + Hcsu\'^dv= [ \Z\{5^\Z\^ + 25csH{Z,u) + H^c1)dv 
Jm Jm 

= I \Z\{H^ -5H^s] + 25csH{Z,v) + 5-5c])dv 
Jm 

= [ \Z\{H^ + 5-5\HZ -csv\^)dv 
Jm 

^h^ZyViMy/^ -6 [ \Z\\HZ-csu\Hv 

Jm 

^h^ZhV{Mf'^ + \5\\\Z\U [ \HZ-csv\^dv 

Jm 

On the other hand, 



HZ - csiy\^dv ^\\H\\^^ / sidv-2 / H{Z,u)csdv+ / cjdv 

M Jm J M Jm 

Now the pinching imphes that 



l^lloo / sidv- H{Z,u)csdv ^nh'\\Z\\iC ^2nV{M)C 



and 



[ cjdv- [ H{Z,u)csdv ^ - [ div {Z^)csdv < ^||Z 
Jm Jm IT- Jm ^ 



T||2 
2 



^ V{M)C ^ -V{M)C 

n\\H\\i^ n 



Then we have proved 

^ ,1/2 

Now let us compute the two last terms of ([5]) 



(6) / \Z\\5Z + Hcsiy\'dv ^h'WZyViMY^' + a\6\\\Z\\^V{M)C 

hi 



2h / {6Z + Hcsiy,Z)dv + h'WZyViM) 

' M 



1/2 



^-26h [ s'jdv + — [ div {Z'^)csdv - 2h [ c]dv + h^\\Z\\2V{Mf''^ 
Jm ^ J M Jm 

= -2hV{M) + — [ \Z^\^dv + h^Z\\2V{Mf'^ 



n 



M 



<: -2hV{M) + h'^V{My/^ 
Therefore reporting this and ([6]) in ([5]), we get 



\Y\\l ^ 2h^Z\\2V{My/'' - 2hV{M) + —\\Z^\\l + ||Z||oo^(M)C 

71/ 



and using the previous lemmas, we get 



\Y\\l ^ 2h 



n 



n-{n + l)Cj I 



) - l] yiM) + («|5|||Z|U + V{M)C 



^ (^4h + a\6\\\Z\U + ^^^^ V{M)C 

^a{h+\5\\\Z\\^)V{M)C 

Now the researched inequality is a straightforward consequence of the following 
lemma 
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Lemma 3.6. If C < 2(n+i) > then the pinching condition [Pc) implies 



\Z\\^^^Z{n, \\H\UV{M)) 



where Z = max(l, \\H\\l^V{My/'') . 
Then 



\H 



|2 



^a{h + max(l, ||if||^V^(M)^/" j V{M)C 



□ 



The proof of the lemma 13.61 is providing from a result stated in the following 
proposition using a Nirenberg-Moser type of proof (see [6]). 

Proposition 3.1. Let {N^~^^,h) be a Riemmannian manifold so that ^ 5 and 
i{N) ^ if 6 > and let M G T-Cv{n, N) . Let C, be a nonnegative continuous 

function so that C,^ is smooth for k ^ 2. Let 0^r<s^2so that 

2 Jm J m J m 

where Ai, A2, Bi, B2 are nonnegative constants. Then for any rj > 0, if ||^||oo > V 
then 

UWoo ^ L{n, A,, A2,B^,B2,\\H\\oo,V{M),r])U\\2 

where 

L{n,A^,A2,B,,B2,\\H\UViM),r]) 

I ^^7^ + ^^7^ + ll^ll- 




and-f e (e"/2 _ i,e" - 1). 

Remark 3.1. In particular we see that 

L{n, Ai, A2, Bi, B2, lloo, V{M),r]) 
(2) // ll^lls ^ A, then for any r] > 0, 

llelloo ^ max(r/, L(n, Ai, A2, 5i, B2, \\H\U V{M),r])A) 

In [6] this proposition has been proved for hypersurfaces of the Euclidean space. 
The proof is similar for hj^ersurfaces of some ambient space with bounded sectional 
curvature. This proof uses a Sobolev inequality due to Hoffman and Spruck (see [9] 
and [IQl) which is available under the conditions on the injectivity radius of and 
the volume of M contained in the definition of T-Cv{n, N). 
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Proof of the lemma I3.6t First we compute the Laplacian of An easy 

computation shows that A|Zp = {-2cj + 25s^)|V*^rp + 2ssCsAr. 

Since r ^ for 6 > 0, the first term is nonpositif. Now let us consider 
(ei)i^i^n+i an orthonormal frame in a neighborhood of the point p G M where 
we compute the Laplacian and so that e„+i = u. Then 



A|Zp ^ 2SSCS - 5Z dr{ei, e^) + nH{u, V"^ r) 

= 2SSCS ( - rfr(ei - (V^ r, e^) r, - (V^ r, e^) r) + ni/ (z/, r) 



i=l 



^ 2n\\H\\^ssCs ^ 2n\\H\\^ss{l + ^\ss) 
= 2n\\H\UZ\+2n\\H\\^^\\Z\' 
And from the remark 13.11 about the proposition 13.11 and lemma 13.21 we deduce that 



(7) \\Z\\^^max{r],L{n,2n\\H\U0,2n\\H\\^^\6l0,\\H\U7]) \\Z\\2 
Now 



L[n, 2n||ff|U,0,2n||i7||ooV|5|,0,||i/||oo,r/ 
= Kin) (^-i^(2n||i7|U)V2 + 4(2n||iJ|U v^)'/' + ||i/||ooy V^(M) 



n 2 



7 _ 1 
1 n 2 



and choosing ri = t with the fact that jflo ^ 1 we obtain that 

L(^n,2n\\H\U0,2n\\H\\^^\,0,\\H\Uv) ^a\\H\\lV{My 
We conclude by reporting this in (j7]) and by using the lemma 13.21 

□ 



I n 2 



2 

7 _ 1 Z 
h\z\ ■ 



Let's introduce now the function ^ = \Z\ {\Z\ - i) = \Z\ 
following lemma, we give an L^-estimate of (f 

Lemma 3.7. If C < 2{n+i) > then (Pc) implies that 

M2 <aMTK,{n,\\H\UV{MmHrj^^ 
where Ki{n, \\H\\oo, V{M)) = max(l, ||if||iv^(M)T/4"). 



In the 
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Proof. First we have (^J f'^dv^ ^ llv'lloo^ '^^^^'^^^ ' ^o^^o'^^^ 



-^{h^Z -6Z- Hcsu) + ^(^5Z + Hcsu - 



Then 



1 fr.^.,V^' 



\z\dv] + -||r||fv^(M)V4 



n^/'^h \Jm J h 

<^^mi''\\x\\f+y\\'fv{MY'* 



From the lemmas I3.2|, 13.41 and 13.51 we deduce that 

1/2 

IM 



^ « + ^ + M^max (l, lliflliy(M)V-) j ViM^C^/^ 

^ (^1 + max(l, ||i/||ir(M)^/^")) r(M)^/2^i/^ 

where in the last inequality we have used the fact that h ^ v^||//||oo- This completes 
the proof. 



□ 



Lemma 3.8. Let rj > and 



C(n, 5, ^M), r/) =min 

where 



2(n+ 1)' \\H\\l^K^KfV{MY^I'^ 



K^{n, \\H\U, S, V{M),r]) = a { ^ + + \\H\\^ 



and A, = {Z+l)ih+\6\y^Z) and = Z^'\h+\5\"^Z). Themf {Pc(n,musym,v)) 
holds then 
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Proof. We have for any k ^ 2 



2 Jm 2 



M 



M 



Let us compute |V*^v^p 



v^" \z\ \z\ 



A straightforward computation shows that |V*^|2'|p ^ ^ 1 + |5|||Z||^. Then 



where = ^Z + if (l + §Z^) and A'^ = fZ (l + §z' 



Then reporting this in ([8]) we get 



2 Jm Jm Jm 



Now, applying the lemma [XT] we see that if 



oo > then 



,1/2 
2 



,1/2 



\/(M) 



n 2 



A short computation yields that h^A'^^'^ ^ a(Z + l){h + \b\^l'^Z) = aAi and 
/^3/2^/i/2 ^ + |5|V22^) = ctAa. Combining this with the inequality of 



the lemma [3?71 we deduce that 

'^1 , ^2 , 



7] 7] 



1/2 



Now we see that if C = min 



then 



OO 5^ ^3- 



2(n+l)' \\H\\l^K^KfV{MY"i/" 



with as in the lemma 



□ 



Lemma 3.9. For any e < |, the pinching condition {Pc'^{n,\\H\\oo,5y{M))) with 



C'Xn, \\E\U S, ViM)) = C(n, \\H\\^, S, V(M), -) 
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implies 



\Z\ - 



h 



h 



and 



h 



Proof. Consider the function f{t) = t (t — ■ The function / is increasing on 
[0, ^] and +00) and decreasing on j^]. Choose rj ^ ^. From the lemma 1X51 
we deduce that the condition {Pc(n,\\H\\oo,s,v{M),r])) imphes that f{\Z\) ^ p- ^ / . 
Moreover from the lemma [3?T] we see that 11 Z"^ 



2 ^ ^Ih?^ ■ Then there exists Xq E M 



so 



that \Zxo\ ^ > ^ ^-iid by connexity of M, it follows that \Z\ > ^ over M 



Then \ \Z\ 



2h 3h 
h 



. Now 



r — s 



-1 



where / 
^ = IT- 



sup — , 

1 



for 5 ^ and / = [0, -y^] for 6 > 0. Now we conclude by choosing 



□ 



We are now in a position to prove the theorem ll.2[ 



Proof of Theorem The case 5 = is a particular case of [6] . From the 

lemma above, we know that for any £ < I, the pinching (PcJ implies that 0(M) C 
Bp (/2 + t) \ Bp {R - f ) with_i? = sj' (i) . Then 0(M) C Bp{R) \ Bp{R - f ). Let 
xo e Sp{R) so that (f){M) C {Bp{R + f ) \ 5p(i? - |)) \ 5^o(p) where p satisfies 



ts 



R + P 



ts 



\H\ 



for (5 ^ and 



t5 



R- p 



H 



for (5 > 0, where = — . From the proof of the lemma 4.3 of fL2\ we know that for 



\\H\\ 



e < a{n, \\H\\ao) there exists a point Xq G M so that \H{xo)\ ^ b{n, \\H\\ 
Now if we have chosen e < b{n, ||i7||oo) we get a contradiction. Then 0(M) fl 
BM + and dcH {m),S {p,sj' (i))) < f. 



□ 



First we recall that C'^ = min 
it is easy to see that 



4. The proof of the diffeomorphism 



2{n+l) ' \\H\\l^(K2Ki)^(n,\\H\\^,&y(M),e'^)V{MY'''^' 



. Now 



C:(^,ll^l|oo 



^ min 



,(5,\/(M)) 
n 



ae h 



2u2 



2(n + 1) ' \\H\\liK2K^)\n, {1/^)\\B\\^, S, \/(M), £2)F(M)47/« _ 
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Then we consider the new constant 

C',{n,\\H\\^,\\B\U6,V{M)) 



mm ■ 



2{n + iy \\H\\l,{K2K,)\n,{ll^)\\BU,5,V{M),e^)V{MY^Ir 

2 



and since jj^yr ^ 1 for 5 ^ 0, we obtain a constant which is not depending on 

ll^lloo. 

From now we will need a dependence on ||-B||oo in order to prove the diffeomor- 
phism and the quasi-isometry. 



Now, let us consider p . ]\^ ^ S [p,sj^ (^)) ' "where X = expp-^(x). 

X ^ expp (s^ ^ (i) ^) 
For more convenience we will put = ^7 ^ (^) j^- 

Lemma 4.1. Let u E T^M so that \u\ = 1 and v = u — {u, V*^r)V^ r. We have 



h^s^irY ss{r 
Proof. An easy computation shows that 

Then we deduce that 



u 



-1 n 



(-) 

—dexpplg ((iexpp^ 



57^ (r) dr(u) , , 



^ dexppl^ {dexpp^ ^- r 

Now let us compute the norm of dFx{u). We have 

= [l^^expj, (rfexp^^UH)!' 

-2((iexpp|g (dexpp^ \x{u)) , r)F{x)dr{u) + dr{uf] 
Now since exp^ is a radial isometry (see for instance 113]|), we have 
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{dexpp |g {dexp-^ , r)F(x) = {dexp^^ \^{u) , j^^) = {u, r)^ 



and it follows that 



(9) m{u)\'= ' |(iexpp|, (ciexp;iUH)|'-(V"V,w)^ 



r 

Now 



|ciexpp|g (dexpp^ = jrfexpp |g (dexp^ ^ ) 

+ (u,V^V)rfexpp|, (dexppi |,(V^ r))| 
where v = u — {u, V*^r)V^ r. Developping this expression we get 



[ciexpp 






(iexpp 


\g (dexpp^ 


.(^))r 



+ 2(m, V*^r)(dexpp |g (rfexp^^ ), rfexp^ \g (rfexp^^ |x(V^ r))) 
= |ciexpp |g (ciexpp^ + {u, V^'V)^ 

where in the last equality we have used again the radial isometry property of the 
exponential map. And reporting this in ([9]) we obtain 

\dF,{u)\' = -^-^ \dexp^ I, (rfexp;! Uv))\' 

Since fi ^ ^ 6 the standard Jacobi field estimates (see for instance corollary 
2.8, p 153 of [13J) say that for any vector w orthogonal to r at y we have 

' |2 ' ^ I fr..A |2 ^ L,,|2 ' 



\w\~ — ^ |(iexpp \y{w) I ^ |W 



This gives 



and applying again the standard Jacobi field estimates we obtain the desired in- 
equalities of the lemma. 

□ 

Lemma 4.2. Let u G T^M so that \u\ = 1. Then for any 7] > 0, there exists a 
constant p{6,^,ri) > so that if M is contained in the ball B{p, p{6, fi,r])) , then 

Moreover p{6, p, rj) — > oo when 6 — p — > and p{6, p, rj) — > when rj — > 0. 
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2 

Proof. Let r ^ 0. For t G (— oo, j^), consider the function a{t) = St{r). An easy 
verification yields that a is on (— oo, and 

^ ( v^Y^y-) ) iftG(o,^) 

a\t) = <( if t = 

It follows that cr is decreasing on (— oo, and that there exists a constant D so 
that ^ Dr^Ct{r), for any t G (— oo, ^|^). It follows that 

(10) ^ s^{r) - ss{r) ^ Dr^c^{r){S - fi) 

Now we have 

1 1 



hs^{r) h {ss{r) + Dr'^c^{r) (5 - /i)) 

1 



/i.,(r)(l + D(^) r2c»(5-;.)) 



The function t \ — > beeing bounded on [0, oo) and on [0, for 5 > there 
exists a constant D' so that 



'ID 



hsi,{r) hss{r) {1 + D'r'^c^{r){6 - fi)) 

On the other hand, as we have seen it in the proof of the lemma [3T9l sj^ (^) G 
[0, ^^) for 5 > and we can apply the inequality ([T0|) which gives 



hi } h V" \h} } ' \ ' \h 
1 



^ h 



And using the same arguments concerning the function t i — > jfit)^ have 



(12) s, [ s, 

where 



1 iifi^O 
Cf,{r) if ^ < 

From the two inequalities (ITTl) and (fT2l) we deduce that there exists a constant 
pi5,f^,ri) so that if ^ p{5,f^,v) then ^ ^^i^ and {sj^ (i)) ^ i(l +r^). 

Finally from the lemma 14.11 we deduce that 
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Since we have assumed that 1^1 = 1 and v = u — {u, V*^r) r we get the desired 
result. 

□ 

We can now give the proof of the theorem 11.11 

Proof of Theorem Let £ < |. From the lemma 13.91 if (-Pc^) holds then 

||Z| — |-| < |. From this and the lemma 142) we deduce that if M is contained in 
the ball B{p, p{S, fi,r])) then 



a+e) 



2 



1 



To complete the proof of the theorem 11.11 we need the following lemma 
emma 4.3. Let C' = —— 

fore < |, (-Pc'^„) implies that ||V^r||oo ^ i] 



Lemma 4.3. Let C' = —— "'^ , and = minfC' C")- Then 



Proof. As usually by computing the Laplacian of |V^rp and using the Bochner 
formula we get 



1 
2 

Now integrating by part and using the Gauss formula we obtain 



M J M 



M J M 

+ \BW^rf)\W^'rf''-^dv- [ Ar{V''r,V''\V^'r\'"'-^)dv 

J M 

(13) 

^ / ((Ar)2|V*V|2'^-2cit; + ((n-l)|/i| + (v^+l)||5||^)) f iV^'Vp^rft; 

J M Jm 



-2{k-l) I ArV*^dr(V*V, V*V)|V^'V|2'=-4rf?; 

'M 



Now 



-5(V*^r, V^V)(V^ r, z/) 
From the comparisons theorems (see for instance [I3] p 153) we deduce that 
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(14) |V*^rfr(V*V, V*V)| ^ ( ^ + ||fi||oo ) |V^Vi2 



Similarly, (ej)i^j^„ being an orthonormal frame in a neighborhood of the point 
where we are computing we have 



|Ar| ^ ^|V^ r{ei,ei)\+nH{V^ r,u) 

i=l 
n 

and reporting this and in (|T3i) we get 



+ ((n-l)|;.| + (v/^+l)||5||L) / iV^Vr'^rf^ 



M 



Now we choose p'{S,fi) so that in the ball of radius p'{6,p), c^{r) ^ 1. Now 
the pinching condition (Pc^) implies that j-j^ ^ ^ And since e < |, 

/i ^ y2||i7||oo and \\H\\^ ^ v^||S||oo we deduce that ^ ^ \\B\\^ and 

\f A\V''r\-'\V''r\^'-^dv^ak\\B\\l [ \V''r\'''-^dv 
2 Jm Jm 



'm 



where a is a constant depending only on n. Then from the proposition 13.11 if 
||V^V||oo > V then 

llV^rlU ^a(^^l + 1^ \\B\U + l/ir/^y V(M)S-^||V*V||2 

Now let e < 1/3 and assume that we have {PcJ- Then note that 
|V*^r|2 < ^I^^P ^ ^ and from the' lemmas O and O 

||V^V||2 ^ 3V{MY/^Ce^^\ Therefore 

llV^rlU ^ « ((l + 1) ||B|U + l/^r/^) V(M)"C^^^ 

□ 
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Now we are allowed to complete the proof of theorem 11.11 First let us choose 
?7 = £ and put = Ce,e- Then if 0(M) C B{p, R{6, fi,e)) (with R{6,fi,e) = 
min(p(5, /i, e), p'(5, /i))) and if (-PcJ is satisfied then 

I — e\'^ / 1 — o : ,„ , s :o /I— 



since e < | it is easy to see that — 1| ^ 6e. From the choice of e, we 

deduce that F is a diffeomorphism and from the definition of the Gromov-Hausdorff 
distance it follows that we have also 



d,„(^(M).s(p..-(i)))<i 



Then choosing e < 1/18 we obtain the desired result. 

Now to complete the proof, from the expression of Ce the assertion (1) and (2) 
are obvious. Now to prove that if V"(M)i/"||S||oo ^ v, then 

h^C,{n, \\H\U \\B\U V{M), 5) oo 
when ll-f^lloo — * oo it is sufficient to notice that Ki ^ max(l,f^/^), 
K2V{M)"'/'' ^ a + i + 1)^ t;^ and C'^ ^ 



□ 



5. Application to the stability 



Briefly, we recall the problem of the stability of hypersurfaces with constant mean 
curvature (see for instance [3]). 

Let {M^,g) be an oriented compact n -dimensional hypersurface isometrically 
immersed by in a n + 1-dimensional oriented manifold (A^"^^, h). We assume that 
M is oriented by the global unit normal field u so that u is compatible with the 
orientations of M and A^. Let F : {—e,e) x M — > N he a variation of so that 
F(0, .) = 0. We recall that the balance volume is the function V : {—s,e) — > M 
defined by 



/ 



F*dvh 

'[0,t]xM 

where dvh is the element volume associated to the metric h. It is well known that 

V'{0) = [ fdv 

where /(.) = (f(0, Moreover the area turrctioa A(t) = / d.,,, satisfies 

A\0) = -n [ Hfdv 

The balance volume V is said to be preserving volume if V{t) = V{0) in a 
neighborhood of ; in this case we have / fdv = 0. Conversely, for all smooth 

J M 
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function / so that / fdv = 0, there exists a preserving volume variation so that 



M 



f = (^(0, x),iy). The following assertions are equivalent 

(1) The immersion is a critical point of the area (i.e. A'{0) = ) for all 
variation with preserving volume. 



(2) / Hfdv = for any smooth function so that / fdv = 0. 
Jm Jm 

(3) There exists a constant Hq so that A'{0) + nHoV'{0) = for any variation. 

(4) (j) is of constant mean curvature Hq. 

An immersion with constant mean curvature Hq will be said stable if A"{0) ^ 
for all preserving volume variation. Now we consider the function J{t) defined by 

J{t) = A{t) + nHoVit) 
Then J"(0) is depending only on / and we have 

J"(0)= I \df\^dv- I {mc''{iy,iy) + \B\^)fdv 
Jm Jm 

where Ric'^ is the Ricci curvature of with respect to the metric h. It is known 
that is a stable constant mean curvature immersion if and only if J"(0) ^ for 

any smooth function so that / fdv = 0. 

Jm 

Now let us give a proof of the theorem II. 3[ 
Proof of Theorem \1.3l Let / be the first eigenfunction associated to Ai(M). Since 

fdv = then J"(0) ^ and 

M 

N I 



Ai(M) / fdv - / {Ri&^i^,i^) + nH' + \T\')f'dv^O 
Jm Jm 

where r is the umbilicity tensor (i.e. r = nHg — B). Since /i ^ ^ 5, we deduce 
that 

n{H'^ + Ai(M) ^ n{H'^ + 5) 
In other words, we have the pinching condition 

n(ff^ + 5)- n{5 - /i) < Ai(M) ^ n^H"^ + 5) 
Now fix £ < ^ and let i? > so that 0(M) lies on a ball or radius R. Let p be 
the extrinsic radius of M (i.e. the radius of the smallest ball containing (j){M)). 
Then ts{R) ^ ti^p)- On the other hand, we know that ts{p) ^ JWf~ ^ 
(see [2j). If we assume that ^(M)!/" ^ we see that M e n{n, N) 

for R small enough. On the other hand from the theorem ILII it follows 
that h'^Ce{n,\\H\\oo,\\B\\oo,V{M),6) — > oo when R — > and there exists 
R'^{6, p,v,i{N)) so that if (p{M) lies in a ball of radius R'^{S, p,v,i{N))) 
then Cs{n, \\H\\oo, \\B\\oo,V{M),6) ^ (5 — p)/h?- Now we conclude by putting 
Re{5, p,v,i{N)) = mm(^R{6, p,e), R'^{6, p,v,i{N))) (the quantity R{S,p,e) is de- 
fined in the theorem II. ip . Then (f){M) is contained in the ball B{p, R{6, p, e)) where 
p is the center of mass of M and the conclusions of the theorem 11.11 are valid. 
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□ 

6. Application to the almost umbilic hypersurfaces 

The theorems 11.41 and 11.51 are obtained by combining the theorem 11.11 and the 
eigenvalue pinching theorems of [6| with an eigenvalue pinching result in almost 
positive Ricci curvature due to E. Aubry (P). 

In the following theorem we denote Ric(x) the lowest eigenvalue of the Ricci 
tensor Ric(x) at a; G M. Moreover for any function /, we put /_ = min(— /, 0). 

Theorem 6.1. fE.AuBRYj Let {M"',g) be a complete n- dimensional Riemannian 
manifold and q> n/2. If M has finite volume and 

then M is compact and Ai(M) ^ nk{l — C{q,n)pq). 

Proof of Theorems \1.4\ and \1.5i Using Gauss formula and the fact that N is of 



constant sectional curvature 5, we have 



|Ric - - 1){H^ + S)g\\g \\K + nHB - - (n - l)H^g - {n - l)Sg\\, 



v{My/<i 



\\{n-2)HT-rX 

(n - 2)||/f||oo||r||2g , \\r\ 



2g 



\/(M)V5 



Now, putting k 



\\H\ 



v(My/ 



h:p + 5 we get 



|Ric-(n-l)fc^||, \\Ric-in-l){H^ + S)g\\, jn-l)^ 

+ v{My/i 



v{My/i 



\/(M)V9 
(n-2)||iJ|U||r||2g 



\H\\lr 



V{M) 



l/2q 



+ 



[n - l)v^ 

V(M)i/'/ ' V{MYli 



\2q 



\H\\lr 



V{M) 



l/r 



If WAhq ^ Vi,e and 



TT2 _ 

y(A'/)i/'- 



^ r]2,e then 



|Ric- (n- l)kg\\^ ^ 



\/(M)i/9 



and if T]i,e ^ 2a\\H\\lo ('^^^' ^Y^'"^^ cS'°°'^^^'^" ) ' ^he theorem O allows 



2a\\H\\l 

US to conclude that 



Ai(M) ^ n 



5 fi - a 



\v{Myi-' 

Now the conclusion is immediate from the pinching theorems of this paper and [6] . 

□ 
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